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Calibration of Millimeter-Wave Polarimeters Using
a Thin Dielectric Sheet
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Abstract—We present the theory and application of a novel
calibration system for millimeter and microwave polarime-
ters. The technique is a simple extension of the conven-
tional wire grid approach, but employs a thin dielectric sheet
rather than a grid. The primary advantage of this approach
is to obtain a calibration signal that is only slightly polar-
ized, which can be beneficial for certain applications such
as astronomical radiometers that measure very low levels of
polarization, or systems with a small dynamic range. We
compare this approach with other calibration techniques,
and discuss its successful use in the calibration of the PO-
LAR experiment, designed to measure polarization in the
Cosmic Microwave Background Radiation.
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I. Introduction

Calibration is a critical step in the design and use
of millimeter-wave radiometers, and many different tech-
niques have been developed. In order to calibrate polarime-
ters, a classic wire grid approach has traditionally been
used [1], [2], the properties of which have been explored by
several authors (e.g. [3], [4], [5], [6]). However, this tech-
nique has the disadvantage of generating a large, fully po-
larized calibration signal, as well as being difficult to build
for certain applications. Another approach is to use reflec-
tion of a known (unpolarized) source from a metal surface
[7]; the metal surface induces a small, well-characterized
polarization [8]. For astrophysical measurements it is some-
times feasible to calibrate using a celestial object that emits
a known polarized signal [9].

However, sometimes none of these techniques are suit-
able for a given polarimeter, especially in the case of po-
larimeters with a small dynamic range. This was the case
for the Polar (Polarization Observations of Large Angu-
lar Regions) instrument [10], with which we searched for
polarization in the cosmic microwave background radia-
tion. Polar is a correlation polarimeter [9] which employs
double-balanced mixers to correlate the two orthogonal po-
larizations selected by an orthomode transducer in order to
directly measure the polarization of the incoming signal.
However, these mixers had a very narrow range of linearity
(approximately 6 dB in power), and the calibration signal
from a wire grid was well outside this range. Calibration
with a nutating metal flat would have overcome this limi-
tation, as it is capable of providing the necessary small po-
larization signal, but was infeasible given our equipment’s
geometric constraints. Thus, we explored a slightly differ-
ent avenue for calibration of the instrument: reflection of
thermal radiation off a thin dielectric sheet.
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Fig. 1. Calibration Set-Up using the thin dielectric sheet. Unpo-
larized radiation from both a hot load (side) and cold load (top) is
partially polarized due to the slight difference in RTE and RTM of
the sheet, thus causing the polarimeter to see a slightly polarized
signal. The angle between the polarimeter x-axis and sheet plane of
incidence is φ. The Stokes parameters can be modulated by variation
of the angle φ.

II. The Calibration Technique

In order to calibrate Polar, we replaced the wire grid in
the conventional set-up with a thin dielectric sheet whose
composition and thickness were chosen as described below
(see Fig. 1). If the reflection and emission properties of
the sheet can be ascertained, through either direct mea-
surement or calculation, then it is straightforward to cal-
culate the expected signal from the dielectric. Both the hot
and cold loads emit blackbody radiation at their physical
temperatures, TH and TC respectively. These unpolarized
sources emit an equal amount of radiation polarized both
perpendicular (TE) and parallel (TM) to the plane of in-
cidence of the dielectric sheet. Note that the TE and TM
radiation fields are uncorrelated with each other. Upon
traversal of the sheet, a certain amount of each of these
four fields arrive at the aperture of the polarimeter, along
with the oblique emission from the sheet itself (which has
a physical temperature TS).

In order to perform the calibration, we must determine
the intensity of fields at the aperture of the polarimeter
from the calibrator. We use the standard Stokes parame-
ters {I,Q,U, V } to characterize field intensity. The Stokes
parameters are additive quantities and hence simplify the
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following mathematics.
In [2], the Stokes parameters from a wire grid calibrator

are calculated. For the dielectric sheet the derivation is
similar, but we must also take into account the emissivity
of the sheet, which may not be negligible. We will make
the simplifying assumption that the microwave absorbers
(TC and TH) are perfect blackbodies; this assumption will
be discussed later in detail.

First let us calculate the Stokes parameters in the ref-
erence frame of the calibrator; once we have these, it is
straightforward to “rotate” them into the frame of the
polarimeter. We give the Stokes parameters in units of
brightness temperature; for a single-mode antenna in the
Rayleigh-Jeans limit, the brightness temperature TB is re-
lated to power P through P = ∆νkBTB, where ∆ν is the
frequency bandwidth and kB is Boltzmann‘s constant. Let
x̂-ŷ be the coordinate system of the calibrator, and x̂′-ŷ′

be the coordinate system of the polarimeter; φ denotes the
rotation angle between these reference frames. Further, let
Ix and Iy correspond to the brightness temperature of the
total power polarized along x̂ and ŷ, respectively1. The Q
Stokes parameter is given by Q = Ix − Iy. The brightness
temperatures Ix, Iy, Q, and U in the (unprimed) calibrator
coordinate system will be (see Appendix I):

Ix = TC + (TH − TC)RTE + (TS − TC) εTE (1a)

Iy = TC + (TH − TC)RTM + (TS − TC) εTM (1b)

Q = (TH − TC) (RTE − RTM )

+ (TS − TC) (εTE − εTM ) (1c)

U = 0 (1d)

If the angle between the polarimeter x̂′-axis and the sheet
plane of incidence (x̂-axis) is φ, then the Stokes parameters
as seen by the polarimeter are given by

Ix′ = Ix cos2 φ + Iy sin2 φ (2a)

Iy′ = Ix sin2 φ + Iy cos2 φ (2b)

Q′ = Q cos 2φ (2c)

U ′ = −Q sin 2φ. (2d)

We note here that including the small reflectance Rl of the
unpolarized loads would have the effect of increasing TC to
TC +Rl(TH −TC) in the reflection term in equation (1), as-
suming the environment has a temperature TH . Typically
the loads can be chosen such that the overall effect can be
neglected. If this is not possible, Rl must be measured at
the frequencies of interest, so that its effect on equation (1)
can be included.

It is then a simple matter to calibrate the polarimeter
by varying the angle φ, either by rotating the calibrator
or the polarimeter. As we are primarily interested in cali-
brating polarization channels, we will focus on the Q- and
U -calibration signals; each of these changes by a full 100%

1We work here with the more-convenient Ix and Iy , rather than
their sum, I, because it is these quantities that polarimeters, such
as Polar, usually measure. Some polarimeters also directly mea-
sure Q, U , and/or V , typically via correlation or pseudo-correlation
techniques.

over a complete φ cycle. In contrast, varying φ produced
very low signal-to-noise variations in Ix′ and Iy′ for the
dielectric sheets we used, making a “total power” calibra-
tion with the sheet impractical. However, this is inconse-
quential because those channels are easily calibrated with
simple unpolarized loads through a conventional y-factor
measurement.

The accuracy of the Q- or U -calibration depends on sev-
eral factors. First, one must know or determine the relevant
material properties of the sheet, namely the reflection co-
efficient and emissivity both for the two polarization states
and as a function of incidence angle. The angle of incidence
θ must be known to reasonable accuracy. The sidelobes of
the receiving horn should be low, the sheet and loads should
be large enough to completely fill the main beam of the re-
ceiver, and the loads should be near-perfect absorbers, else
stray radiation from the surroundings will enter the sys-
tem. All these conditions must be satisfied in the wire grid
approach as well, with the exception that instead of under-
standing the grid properties, now it is the reflection and
emission properties of the dielectric sheet that we seek to
understand. It is on these issues that we will now focus.

III. Dielectric Reflection and Emission

Properties

The general situation we wish to consider is as follows:
an electromagnetic wave of wavelength λ is incident upon
an infinite dielectric sheet of thickness d and index of re-
fraction n. Part of this wave will be reflected, part will be
transmitted, and part will be absorbed. All these quanti-
ties will depend upon the polarization state of the incident
wave, which in general will be a combination of TE- and
TM -polarized radiation. Thus, for the radiation incident
upon the sheet (to be distinguished from its own thermal
emission), we have

|r|2 + |t|2 + A = 1 (3)

where |r|2, |t|2, and A represent the fractional power re-
flected, transmitted, and absorbed, respectively; r and t are
the usual Fresnel reflection and transmission coefficients,
and are complex quantities.

If the sheet is in thermal equilibrium, emission will equal
absorption (i.e. , ε = A). In general, a material has a com-
plex index of refraction N = n − jκ where n corresponds
to the real index of refraction, and κ is the extinction co-
efficient and determines the loss of the material. If κ ¿ n,
then the loss tangent of the material, the ratio of the imag-
inary component to the real component of the dielectric
constant, is given approximately by 2

tan δ ≈ 2κ

n
. (4)

Given N, it is possible to calculate both r and t for a lossy
dielectric slab [11]. Then the emissivity ε will be 1− |r|2 −
|t|2, and in general will be polarized. However, for this

2The loss tangent, tan δ, is not to be confused with the unrelated
quantity δ, the phase change due to the dielectric given in (7).
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treatment we assume that the total loss in the dielectric
is negligible; Section III-C deals with the conditions under
which this assumption is valid.

A. The Reflection Term - Theory

It is straightforward to derive the reflection coefficients
for our smooth dielectric sheet using the Fresnel equations,
under the assumptions that the dielectric is homogeneous,
optically isotropic, non-amplifying, and the wavelength is
on the order of or larger than the film thickness, such that
all the multiply-reflected beams combine coherently (see
e.g. [12], [13]). Assuming the sheet is placed in air with
a refractive index of ∼ 1, and absorption by the sheet is
neglected, the reflection coefficient can be shown to be:

Ri =

[
cos2 θ − γ2

i

]2
sin2 δ

4γ2
i cos2 θ cos2 δ + [cos2 θ + γ2

i ]2 sin2 δ
(5)

where i ∈ {TE, TM} represents the incident field polar-
ization direction, and

γTE ≡
√

n2 − sin2 θ (6a)

γTM ≡ 1
n2

√
n2 − sin2 θ (6b)

and where
δ = kd

√
n2 − sin2 θ (7)

is the phase change that the wave undergoes upon traversal
of the sheet; k = 2π

λ is the wavenumber of the wave in free
space, d is the thickness of the sheet, n is the (real) refrac-
tive index of the dielectric, and θ is the angle of incidence
of the wave upon the sheet.

For this technique we are primarily interested in the Q
and U calibration; from (1c) we see that the quantity of
interest here is RTE − RTM , the difference in the reflec-
tion coefficients of the sheet. The coefficients are only the
same at normal and grazing incidence; at all other angles a
polarization signal will be produced. A useful formula can
be derived for the case of λ À d and θ = 45◦, conditions
which were satisfied by Polar (see Appendix II):

RTE − RTM '
(

πfd

c

)2 (n4 − 1)(n2 − 1)(3n2 − 1)
2n4

(8)

This formula is informative as it shows how the calibration
signal behaves with varying frequency, sheet thickness, and
index of refraction. Notice the signal varies quadratically
in both f and d, and even faster with index of refraction.
This implies that all these variables must be known with
considerable precision to result in an accurate calibration.

B. The Reflection Term - Experimental Verification

We devised a simple system to test the reflection equa-
tions presented above, in order to verify they worked on
real-world materials, and to ensure that we had not ne-
glected other potentially important effects. We tested
0.003” (0.076 mm) and 0.020” (0.51 mm) thick polypropy-
lene, for this material has a well-characterized refractive

Fig. 2. Experimental configuration used to test the reflectance of
various materials. The incidence angle θi was kept fixed at 45◦. The
frequencies used were the microwave Ka-band, 26–36 GHz. The input
signal was chopped at 1 KHz to help eliminate 1/f noise. The horns
are shown here in the TM configuration; for the TE configuration,
the horns were rotated 90◦.

index of 1.488− 1.502 in the useful range of 30− 890 GHz
[14]. We also tested 0.030”-thick teflon. Other materials,
such as polyethylene, TPX, or mylar could of course be
useful too, and our results are directly applicable to those
materials assuming one knows the pertinent material prop-
erties.

The experiments were performed in a small homemade
anechoic chamber (see Fig. 2), made of commercially avail-
able Eccosorbr CV-3 [15]. Eccosorb CV-3 has a quoted re-
flectivity of less than -50 dB at frequencies up to 25 GHz,
and a reflectivity of -34 dB at 107 GHz [16], which was
adequate for our purposes. We fixed the incidence angle
at 45◦, which was the primary angle of interest to us3.
A standard-gain (25 dB) pyramidal feedhorn transmitted
a signal of known frequency to a dielectric sheet approxi-
mately 20” × 20” in area. The signal was generated by a
commercial 2–20 GHz microwave sweeper coupled to a fre-
quency doubler to obtain the Ka-band frequencies of 26-36
GHz. An identical horn was placed symmetrically about
the sheet’s normal in order to receive the reflected waves.
Reflected radiation from the room was found to be min-
imal. A thin piece of Eccosorb was placed between the
two horns to minimize direct coupling between them. The
transmitting source was swept through the Ka-band over
a period of 100 seconds, and the amplitude square-wave
chopped at 1 kHz (this frequency was well above the 1/f
knee of the system). The received signal was then sent to a
lock-in amplifier and recorded by a computer using a sim-
ple data acquisition system. The reflected signal was quite
small, and the lock-in technique enabled us to significantly
reduce our sensitivity to 1/f noise in the system. A base-
line reading was obtained using an aluminum flat instead
of the dielectric sheet; the flat had near-perfect reflectivity
and provided our normalization.

3Other angles could potentially be used, but the calculations for the
calibration signal would be more complicated than those presented
above.
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Fig. 3. Comparison between laboratory reflectivity measurements and theory on polypropylene. The displayed 1σ errors in the data are
mostly systematic, arising from standing waves in the system. The uncertainty in theory is due to both thickness variations and uncertainties
in the index of refraction. RTE corresponds to the upper set of curves (dashed), and RTM to the lower set of curves (dotted). Measurements
were averaged into 1 GHz bins for convenience. (a) Results for 0.020” (0.51 mm) thick polypropylene; (b) Results for 0.003” (0.076 mm)
thick polypropylene.

It was important to control systematic effects well; in
particular, the imperfect absorption of microwaves by the
Eccosorb walls of the anechoic chamber. By varying the
Eccosorb configuration, we were able to virtually eliminate
all spurious signals related to imperfect Eccosorb absorp-
tion. In the optimal configuration, tests with no reflector
showed our system was capable of measuring reflection co-
efficients as low as a few ×10−5. The primary systematic
effect was standing waves in the system, propagating be-
tween the source and reflecting surface. These were con-
trolled (but not eliminated) by placing an attenuator be-
tween the sweeper and the transmitting horn.

Figs. 3(a) and (b) show the results for the 0.020” and
0.003” sheets, respectively. The errors bars shown on the
measured points are primarily due to standing waves in the
system. The theoretical error contours drawn represent the
thickness variations in our plastic sheets. We found that
both of these commercial sheets had thickness variations
on the order of 5%; because the reflection signal is roughly
proportional to d2, the resulting uncertainty in the calibra-
tion is ∼ 10%. Uncertainty in the index of refraction of
the dielectric is even more important. Luckily, for our cho-
sen material of polypropylene in the Ka frequency band,
the refractive index is known to an accuracy of at worst
∼ 2 · 10−3 [17], [18], which contributes negligibly to our er-
rors. As Fig. 3 shows, the measured curves match the the-
ory quite well for the displayed polypropylene data. Teflon
(not shown) worked equally well, having an RTE −RTM of
approximately 0.10 for the Ka-band frequencies we tested.

In this section we sought to verify (5) with laboratory
experiments. The reader should note that we did not in-
clude any off-axis beam effects when calculating the theo-

retical predictions for these experiments. The general cal-
culation would involve integrating over the antenna pattern
of the transmitting and receiving horns, for each polariza-
tion state. Off-axis rays, reflecting from the dielectric at
slightly different angles from the on-axis rays, will then
slightly affect the measured reflection coefficients, due to
the variation of the reflection coefficients of the dielectric
as a function of angle. However, the remarkable agreement
between the predicted (on-axis) and measured reflection
coefficients indicates that this was a small effect.

C. The Emission Term

Oblique emission from a dielectric will in general be po-
larized (for a review, see for example [19]). For this calibra-
tion technique to work, either the emission must be known
accurately (in both polarizations), or it must be negligi-
ble. The emission of a material is determined by both its
thickness and loss tangent (or alternatively, its extinction
coefficient), will vary as a function of viewing angle, and
will generally be polarized (that is, εTE 6= εTM ).

As discussed in Section III, the complete way to deter-
mine emission involves calculating both R and T using the
complex refractive index, and then using equation (3) to
find the absorption (which equals the emission in thermo-
dynamic equilibrium); then the calibration signal can be
calculated using equation (1). For this approach to work,
the complex index of refraction (and hence the loss tan-
gent) must be known to reasonably good accuracy, and
the surface must be smooth; if the surface roughness is too
high, the emission polarization will be less than theory pre-
dicts [20]. Typically, the loss tangent is known only poorly.
Luckily, the total emission can often be made small com-
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Fig. 4. Ratio of the polarized radiation, Tpol, due entirely to re-
flection, to the brightness temperature in emission, Te, of the dielec-
tric sheet, for various materials, vs. d

λ
, the ratio of sheet thickness

to free-space wavelength. The six curves are for different materi-
als and/or frequency ranges; dashed: teflon (30–300 GHz), dotted:
TPX (30–270 GHz), solid-thin: polypropylene (20–40 GHz), solid-
medium: polypropylene (40–270 GHz), solid-thick: polypropylene
(270–900 GHz), dot-dashed: mylar (120–1000 GHz). The darkened
box shows Polar’s region in this parameter space. Loss tangents
were adopted from [14].

pared to the reflection/transmission terms by appropriate
choice of dielectric material and thickness for the frequen-
cies of interest; then one can simply ignore the emission
terms in (1).

An approximation for the total emission is [14]

ε ≈ 2πn tan δ

λ
· d (9)

where d denotes the thickness of the emitter, and ε de-
notes the fraction of its thermodynamic temperature that
is emitted; hence, it produces a brightness temperature of
Tε = ε · TS . As an example, the Polar calibration used a
0.003” thick polypropylene sheet which had a loss tangent
of ∼ 5 × 10−4, leading to ∼ 12 mK of total emission; this
turned out to be small in comparison with the calibration
signal and hence was neglected.

Fig. 4 shows the ratio of the polarized reflection signal,
Tpol, to the emission signal, Te, as a function of d

λ . The
higher this ratio is, the more safely emission can be ne-
glected in calculating the calibration Stokes parameters.
Notice that at higher frequencies and material thicknesses,
emission matters less than at lower frequencies and thick-
nesses. This means that the smaller the desired polariza-
tion signal, the more emission will matter. This result
may seem counter-intuitive, but it is directly evident from
the reflection and emission equations; emission goes like
d
λ , while typically the reflection portion of the signal goes

like
[

d
λ

]2
. In terms of absolute emission, polypropylene,

polyethylene, TPX, and teflon are all useful. However, my-
lar’s high loss makes it non-ideal for this technique, unless

one has good data on the directional emissivity of the ma-
terial at the frequencies of interest.

IV. Discussion

The calibration technique presented herein was used suc-
cessfully to calibrate the Polar Ka-band receiver in the
spring of 2000, which recently obtained the best upper lim-
its to date on large angular-scale polarization in the cos-
mic microwave background [21]. With a 0.003” polypropy-
lene sheet and using the sky as the cold load (which ne-
cessitated measuring the sky temperature independently),
we obtained polarized calibration signals of approximately
250, 350, and 500 mK in our three frequency bands of 26–
29, 29–32, and 32–36 GHz, respectively. This should be
compared to the ∼ 250 K signal that we would have ob-
tained from a conventional wire-grid approach; that level
of signal was well outside our polarimeter‘s range of linear-
ity and thus was infeasible. The dielectric sheet had the
additional benefit of being very simple and inexpensive.
Wire grids take time and energy to construct well, and can
be quite expensive, whereas simple plastic sheets are often
easily and cheaply obtained.

However, we discovered several pitfalls in this process
that should be avoided if possible. The first is to make
sure the dielectric sheet is kept as taut and flat as possible.
In our first version of the calibrator, we didn’t pay much
attention to this and the plastic sheet had a slight bow in it.
Laboratory results found this bowing to have a significant
impact on the resulting calibration signal, causing it to de-
viate from theory by as much as 20% for a barely-visible
bowing. Reducing the bowing by increasing the tension in
the sheet resulted in the signal matching theoretical pre-
dictions.

A second source of error was variation in material thick-
ness. We found that, in practice, some of the materials we
tested varied by as much as 10% in thickness across a sheet;
this is rather large and leads to a high uncertainty in the
calibration signal, due to its approximate d2–dependence.
Sheets with manufacturing processes that lead to a more
uniform thickness should be used if possible.

Addressing these basic systematic effects is relatively
easy, and the result is a simple, inexpensive, and highly-
tunable calibration system which can be used in a variety
of polarimetric radiometers.

We would like to thank Josh Gundersen, Phil Lubin,
Slade Klawikowski, Brian Keating, and Dan McCammon
for their help, suggestions and insight on this project. This
work was supported by NSF grants AST 93-18727 and AST
98-02851. CO was supported by a NASA GSRP fellowship.

Appendix

I. Derivation of Calibration Signal Stokes

parameters

Our goal in this appendix is to determine the Stokes
parameters due to the electric fields generated by the cali-
brator as shown in Fig. 1. Let us briefly review the physical
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basis of the Stokes parameters. The total electric field in-
cident upon our polarimeter can be written as

~E = Exx̂ + Ey ŷ (10)

where

Ex = Ex0e
j(kz−ωt+φx)

Ey = Ey0e
j(kz−ωt+φy) .

In these equations, the conventional notations of t for time
and ω for angular frequency are used. It is implicit that
one takes the real part of ~E to obtain the physical field. We
define the Stokes parameters for monochromatic radiation
in the usual way (see for example [9]), as

I = 〈E2
x0
〉 + 〈E2

y0
〉 (11a)

Q = 〈E2
x0
〉 − 〈E2

y0
〉 (11b)

U = 2〈Ex0Ey0 cos(φx − φy)〉 (11c)

V = 2〈Ex0Ey0 sin(φx − φy)〉 , (11d)

where 〈...〉 denotes a time average. As usual, I represents
the total intensity of radiation, Q and U the amount of
linearly polarized radiation, and V the amount of circularly
polarized radiation. For quasimonochromatic light, each
component of (11) is understood to be averaged over the
entire frequency band. With respect to our calibration, we
seek to evaluate Ix, Iy, Q, U , and V , where Ix = 〈E2

x0
〉

and Iy = 〈E2
y0
〉. From (11a), the Stokes parameter I is

then simply given by I = Ix + Iy.
By looking at Fig. 1, we see that the x̂-axis corresponds

with TE-polarized electric fields, of which there are essen-
tially three: the TE-field from TC transmitted through the
sheet, the TE-field from TH reflected from the sheet, and
the TE-field emitted from the sheet itself. Similarly, the ŷ-
axis corresponds with TM-polarized fields. Thus, we have

Ix = |tTE |2 TC + |rTE |2 TH + εTETS , (12)

where ri is the ratio of the reflected to incident electric
field polarized along î due to the sheet, and likewise ti is
the ratio of transmitted to incident electric field polarized
along î. Using the fact that |ri|2 = Ri and |ti|2 = 1−Ri −
εi (the latter being due to equation (3)), we can recast
equation (12) as

Ix = TC + (TH − TC)RTE + (TS − TC)εTE , (13)

which is the form given in equation (1). The derivation for
Iy follows the same format and yields

Iy = TC + (TH − TC)RTM + (TS − TC)εTM . (14)

Now we can use the fact that Q = Ix − Iy, which imme-
diately leads to equation (1c). Next, due to the rotation
properties of Q and U we can write U as

U = Ix45 − Iy45 (15)

where x̂45 refers the the axis rotated +45◦ from x̂, and ŷ45

is the orthogonal axis. However, as the x̂ and ŷ axes are

exactly aligned with the TE and TM states, the 45◦-rotated
axes will contain equal amounts of TE and TM fields, and
their intensity difference will be zero. Thus we have

U = 0 . (16)

Finally, we must consider the possibility of the sheet con-
tributing a circular polarization signal V to our hypothet-
ical polarimeter. We only expect this if there is some co-
herent phase delay between TE and TM polarizations, to
give the final polarization state some ellipticity. This can-
not happen from the unpolarized loads, but the emission
from the sheet as seen at oblique angles will in general
be elliptically polarized due to its imperfect transparency
[19]; however, this will be proportional to the emissivity of
the sheet and hence will be small enough in comparison to
the other Stokes parameters that it can be ignored for the
purposes of this paper, and we take

V ≈ 0 . (17)

II. Derivation of Simplified RTE − RTM

The purpose of this appendix is to derive the quantity
RTE −RTM under the simplifying assumptions that λ À d
(which is equivalent to δ ¿ 1), and θ = 45◦. Applying the
latter assumption to Equations (6) and (7) yields

γ2
TE = n2 − 0.5, (18a)

γ2
TM =

1
n4

(
n2 − 0.5

)
(18b)

and
δ = kd

√
n2 − 0.5 . (19)

Substituting these expressions into (5), and requiring that
δ ¿ 1, we have

RTE ' (kd)2
(n2 − 1)2

2
(20)

RTM ' (kd)2
(n2 − 1)4

8n4
(21)

Finally, solving for RTE − RTM we find

RTE − RTM ' (kd)2
(n2 − 1)2

8n4

[
4n4 − (n2 − 1)2

]
(22)

which factors into

RTE −RTM '
(

πfd

c

)2 (n4 − 1)(n2 − 1)(3n2 − 1)
2n4

(23)

as desired.
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